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Hiperstatik sistemlerde tesir ¢gizgileri

Prof. Dr. Cengiz Duindar



HIPERSTATIK SiISTEMLERDE TESIR CIiZGILERI

1. Fonksiyonlar metodu

2. Mohr metodu

3. Hiperstatik esas sistem kullanma metodu
4. Ankastre esas sistem metodu

1. Fonksiyonlar metodu

[61{X} + {60} =0
X1 =P11010(x) + B12620(X) + - + B1nOno(Xx)

Xn = Bn1610(X) + Bn2620(X) + - + BnnOno(X)
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YAPILACAK ISLEMLER

1. Izostatik esas sistem secilir, bu segilen, sisteme gdre birim
yuklemeler yapilarak (sirasiyla X;=1, X,=1, .......... X,=1) §; ler

hesaplanir. Yani [6] matrisi bulunur. [§] =

Buldugumuz [6] matrisi birim yuklemelere bagli olup dis ykaerden

bagimsizdir ve sabit sayilardir.

511512 TN 51”

57115112 e 5nn

2. Elde edilen & matrisinin tersi alinarak B matrisi bulunur..

Bl= o o
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3. 1 kN luk yukin sistem Uzerindeki herhangi bir sabit noktadan
uzakhgi ‘x” e bagli olarak 8,4(x) ler hesaplanir. Once sistemde
kac aralik (bolge) oldugu tespit edilir. Sonra 1 kN luk yikin her
bolge araliktaki sabit noktadan uzakhgina x” denilerek bir M,
diyagrami cizilir. Daha sonra birim yuklemelerden elde edilen
M, M,,.......,M_ birim yukleme moment diyagramlari, her
bolge icin elde edilen M, diyagramlari ile ¢arpilarak her
bolgeye ait olan 6,4(x), (6,0(x), &,4(X), -...... , ©,0(x)) degerleri elde
edilir.
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4. Her bolge icin bulunan &,,(x) lerin ayni bolgeye ait olanlari asagidaki denklemlerde
verine konarak hiperstatik bilinmeyenlerin o bdlgeye ait tesir cizgisi ifadesi
bulunmus olur. Dolaysiyla bu islem her boélge icin ayri ayri yapilir.

X1 = B11010(x) + B12020(x) + -+ + B1n0no(x)

Xn — ,Bn1610(x) + ,Bn2520(x) Tt ﬁnn5n0(x)
5. Herhangi bir m noktasina ait tesir ¢izgisini bulmak icin bildigimiz
superpozisyon denklemlerinden faydalanilir.
My, = (Mg ) + (M1)mX1 + (M2); X2 + -+ (Mp)m Xy,
Tim= (To)m+ (T1)mX1+ (T2)mXz2 + - +(Tp)mXn
Npm= (No )m + (N1D)mX1 + (N2)mX2 + - +(Ny)mXn
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M_, T, N Hiperstatik sisteme ait m noktasindaki tesir gizgileri
(M,),., (Ty).., (Ng),, secilen Izostatik sistemde m noktasina ait tesir gizgileri

(My), (M) e (M) Segcilen Izostatik esas sistemde sirasiyla yapilan
X=1 (i=1,2 ...n) yuklemelerinden m noktasinda meydana gelen moment
degerleridir.

(Ty)m (T5) o weveenens , (T.),, Secilen |zostatik esas sistemde sirasiyla yapilan X=1
(i=1,2 ...n) yuklemelerinden m noktasinda meydana gelen kesme kuvveti
degerleridir.

(N (N5) e , (N.)., Secilen Izostatik esas sistemde sirasiyla yapilan X.=1
(i=1,2 ...n) yiklemelerinden m noktasinda meydana gelen normal kuvvet

degerleridir

), CTD CHNR. X, hiperstatik bilinmeyenlerin tesir ¢izgileridir.
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UYGULAMA

A B C D
1 I PaN | 2N\ |
8m
3i
A 4 W/%
/:/ bm 1 5m 4 1m |
| |
11 kN X2
m
P f 3] Dﬁf\' 3 > [3]D Xy Xp M, Ty, ve N, tesir gizgilerini
T T ciziniz.
B
8m
[1] 2.5m 2.5m
X,
< >|: =|< =|
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1
f B1 A '3] & 3] | B8] AN Bl & [3]
8m |+ 1] 1/5' 2.5m | 2.5m 8m 1] 2.5m | 2.5m |1/5
: X,=1 1/6+1/5
- (5 6m | 5m | 1m X %4 6m U 5m | Im J
1/6 | | | 1/6 | | |
M, M,
ds I,
1
EIC511=8*1*1*[1]+§*6*1*1*[3]=8+6:14 ~ L = = " X Lgm
L L
1 1 i
Elc522:§*6*1*1*[3]+§*5*1* 1%[3]=6+5=11 | I Uk ok 1utk, +k;) 2k,
1 i T T PR
El.61, = El 6,1 = ‘ *x6 x1 *1+[3]=3 [EI.6] = [134 131] 'ﬂD&n:.; Luk = U2k, +k) Luk,

00
S~
D
(0]




A

I—A—\
1 1 _
E18) =[5 2] [8]=-[8]7'= S

_EC14*11—3*/3 -3 14

_ 1 [—0.0758 0.02068 V
EI. L0.02068 —0.09655 o ———
eterminan
A- EI.6 B - £
y El.

[mzi[—o.mss 0.02068
EI.L0.02068 —0.09655

611ﬁ11 + 612ﬁ12 =—-1-14+* (—O 0758) +3%x0.02068 = —0.99916 = —1
611p21 + 612322 =0-14 (O 02068) + 3 % (—O 09655) =0
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o X 1kN 1 kN A-B arasinda
A 4 B C
A + : Q
7 7
. 7
8m (1 — —)x1
6 X1
6
| M,
zféf}% 6m | 5m | 1m
) T T
X1
1 —
6 » 1 kN
A B I ] C D
A : + ﬁ
X2
8m 7 (1- ?)xz X2
X2 5
=5
' M,
'%/ 6m | 5m | 1m

1 kN
A %/]ﬁ‘l D
A : é
8m
X3 x3
5 1+ =
v MO

1 kN C-D arasinda

1 kN B-C arasinda

L|A »
r|‘ r|‘ »
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CARPIM TABLOSU ( A M.st)
k K ks |23 Km Y 2.8 K
([0 k | 2 | 2™ |25 ik e %
0 | et mrp]]] I m:_l]]] : A
'UI[E[III]i Lik Sk Uik, +ky) %uu,, %ux %Uk %uu
ﬂ ; %Lnk -;-Lik %u(x‘ +2K,) %Lik,, %Uk %u« %L(h-a)lk
‘ []IIEJ:; %uu( %ua %U(ZR, +Ks) %Uk,. %Uk -1‘-2us< %L(l +B)ik
X 1 kN A-B arasinda
r N 78 N ! 31 A '[381 & [3]
%?% 7 7 D
"X
8m (1-"Dx, am |+ |1y 1/5' 2.5m | 2.5m 8m
6 X1 [1]
MO 6 X1=1 Ml v
——)| i i - 1/6
T a
L - L
EI.8 L(1 + B)ik 1[3]6(1 + (1 - )] 1 (1 Xl) L3012 6
= — ik = — —— %1 % —— Xy =— *x 3 % — X — X1)X
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o X 1 kN 1 kN A-B arasinda
A 3 C 1_A N + x °
A r A [3] [3] A [3] A
.x1 I
8m (1--2)x1 8 | * |1 1/5' 2.5m | 2.5m 8m
1
6 , , X,=1
_xi IE - ém ‘|‘ M ole tm >| T 7 ém >|< M >|: tm >|
-2 T T 1/6 | I
M, M,
1 1 X1 1
Elc810 - gL(l + B)lk = g [3]6 (1 + (1 - _>] 1+ (1 - _) X1 = 3(12 - Xl)(6 - xl)xl
X1 X1 =
o= P=1-— []1]]]::. *ﬂ% L(1+B)1k
—_— L —

EIC810 —

1 5 2
E(Xl — 18x71 + 72x4)
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1 kN A-B arasinda

_ x,  1kN
A ! B C
NS =
8 -2 %%%
m ( 6 )Xq .
6
v _ MO
v 6m 1. 5m 1 Im
a- } 1
6
1 1
EICSZO = gL(l + a)lk = g [3]6 (1 + (
“T1

X,=1
B] AN '[B8]1 & [3]
B
1/5
[1] 2.5m 2.5m /
1/6+1/5
éé MZ
| - ém >|: oM >|< 1m >|
1/6 | | |

X1

)] * 1 *(1——)x1 :i *3(6 +x1)(6 —x1)X1

6 36

-ﬂ;:[L—EE-q- -

1

1
El.8;¢ = 12 (36x1 — X3)

D
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1 kN B-C arasinda

1 kN
—
A B I ] C
A : + c
X2
am % (1 - ?)xz 2
X2 5
=5
| M,
L 6m | 5m | 1m

X2=1
B8] AN '[B38] & [3]
B 7 N
v 2. . 1/5
[1] :25m=25m= /
1/6+1/5
% MZ
. ém >|: oM >|< 1m >|
1/6 | | |

6 5

1
Elc820(x) = 75 (x3 — 15x3 + 50x;)

D

X, 1 11
* (1—_>X2 = — % 3*5—5(10—X2)(5—X2)X2
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1 kN C-D arasinda

1 kN Xy=1
M{ D A __/ﬁl/\qq\c D
PaN AN 31 AN B8] & [3]
1 B
1/5
X3 ) +x3 1] 2.5m | 2.5m |1/
M 5 5 1/6+1/5

9 0 M
< - ém :|: M :|: 1m :l 7 6m ;L om :L 1m =|
| | | 1/6 | | |

1
EICSZO(X) = g * 5 (—X3) * 1 * [3] = —2. 5X3

EICSZO(X) = —2. 5X3
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BOLGE

A-B

El 6,,(x)

L3 2
E(x1 — 18x1 + 72x1)

El 6,,(x)

1 3
12 (36x1 — x7)

L s 2
1—O(x2 — 15x5 + 50x,)




1 kN A-B arasinda

X; = —0.008048x3 + 0.113790x7 — 0.39309x,

-0.36077
-0.37245
-0.19820

X, tesir gizgisi / | - |

L -0.051723

1 kN B-C arasinda

X; = 0.002069x3 — 0.031034x5 + 0.10344x,

1 kN C-D arasinda

+

0.08489

X, = —0.051723x;

X3 = 0- X1 =0
= —0.051723

X3=1—)X1

0.096965

0.060585\

x1=0-X;,=0
x1=1.5-X;=-0.36077

x1=3->X;=-0.372456
x1=4.5- X, =-0.1980315

X1 :6—)X1 = —4.68 *10_430

X3 =0->X,=0
x; = 1.125 > X, = 0.08003849
X292 = 2.5 > X1 = 0.09696562

x; =3.75 > X; = 0.0605917

Xx3=5-X;,=25%10">=0
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X3 = B21610(x) + B22820(x) X, =0.02068 6,9(x) + (—0.0965)8,,(x)

1 kN A-B arasinda
XZ =0.02068 610(.X') + (_O 0965)620(x)
— 610V€ 8,9 yerine konursa AB bolgesi tesir cizgisi fonksiyonu elde edilir.

X, = 0.00977x3 — 0.03102x7 — 0.165564x,

-0.51209
-0.396006
-0.452578
-0.282863

-0.28517

\
y
.\

0.48290
0.241375

X, tesir gizgisi

—N

1 kN B-C arasinda

X, = —0.009655x3 + 0.144825x5 — 0.48275x,
— &1p0V€ 8,9 yerine konursa BC bolgesi tesir cizgisi fonksiyonu elde edilir.

1 kN C-D arasinda
X, =0.241375x3
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My, = (Mg )m + (M1)mX1 + (M2)mX>

8m

My, =(Mo)m+0xX;+0.5%X,

My, =(Mgy)yn+0.5X,

(MO )m

M,, tesir cizgisi

A o T C D
PaN ' 2\
B
2.5m 2.5m
[1]
p 6m | 5m 1 1Im
~|os
o ™M V
S @ @
N I-n N ..f \\\\ c
o o - .
S 2 g |ab = 0
c < — =1.25 ~
] L )
/ <
+
o e
M~ LN
o o
N 00
o <
— o
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Ty = (To)m+ (T)mX1+ (T2)mX>

(TO )m

T,, tesir cizgisi

N

8m

P

A B
~ | c D
2\ ' PN
[1] 2.5m 2.5m
A em | 5m 1 1m
0-5 ’,a””/
[ -1
- - 0.2
o
0.5A
+1 ’/./" S~ m
5 2O . r
< In LN
R ¥ & =
w 8 o S
S « 9 § -
© o ©
[=)
o +
I N
- LN
[ ] m m
Q@ o ©
a M
n o
o
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SUREKLI KIRISLERDE ELVERISSIZ YUKLEMELER

1. Oz agirlik yukleri (g, G)
2. Hareketli yukler (p, P)
3. Toplam yukler (Oz agirlik + Hareketli yikler)

g=g+p Q=G+P

Bir kesite ait maksimum kesit tesirinin elde edilmesi icin tesir
cizgilerinin pozitif kisimlarinin g, Q ile negatif kisimlarinin g, G
ile yuklenmesi gerekmektedir. Kesit tesirinin minimum
degerlerini elde etmek icin tesir cizgilerinin negatif kisimlarin
g, Qile pozitif kisimlarininsa g, G ile yliklenmesi
gerekmektedir.
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a) Maksimum aciklik momentleri icin elverissiz yiliklemeler

N/A M AN M, tesir cizgisi
q

/\ o /\
e JAS RZ A SN 2 M, tesir izgisi
q q

g

22/48



M W JAN M. tesir gizgisi
q q
g

g

=< : ~_ = é\\/Q M, tesir cizgisi
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b) Minimum mesnet momentleri icin elverissiz yiiklemeler

=< _ % M _ A X, tesir cizgisi

7AN yaN : v X, tesir gizgisi
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(AN _ v yAN - é X; tesir gizgisi

>

c) Herhangi bir kesitte maksimum ve minimum kesme kuvvetleri
icin elverissiz yliklemeler

S~ B /é M T, tesir gizgisi
q

—] Max. T,

| Min. T,
yaN
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q q
—_— g
|
AN AN AN

T,, tesir ¢gizgisi

T, tesir ¢izgisi

Min. T,,
Max. T,;
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R, tesir ¢izgisi

Max. R,
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UYGULAMA

8 m P 6m N
g=1t/m G=3t
p=1.5t/m P=21
Maksimum M diyagramlarini giziniz.
1. 01 acikhiginda maksimum moment olusabilmesi icin

M Tesir cizgisi

d

00
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Elverigsiz yukleme 1

1 1 / 1 1
/3 1+1.5=2.5t/m >
3t 1t/m
[ NI I I | | |
I ‘o 2
2m, 8 m ) 6m X
X, X, X,
8 6
I I
qL> 258" ql*
R 40 40 ke 9 9
8 320 320 | 6, _ 54 54
T I 17T N
Konsol momenti Xy = —3%2—1%2* 5= —8tm Kenar mesnet momenti X, =0
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X, X, X,

8 6
I I
qL> 2.5x8% qL*
2 - 2 = 40 40 2 =9 9
840__ 320 320 69__ 54 54
I I 17T T
1 .
Konsol momenti Xo = —3%2—1%2%2x 5= —8 tm Kenar mesnet momenti X, = 0
8X + 2 8+6 X +6X +320+54—0
1°° [T A R B

—8+x8+28X,+6+x0+374=0

28X, = =374 4+ 64 = =310 > X; = —11.07 tm
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g=1+1.5=2.5t/m
To1

X, =-11.07 tm
Myomsor = —8 tm CM.LLLLLLLLLLLLLLLLLLLI )

D it s
9.62t
x=385m 10.38 ¢
M; =0 —>T01=2.5*§+8_21'07=9.62tZy=0—>9.62—2.5*8—T10=O—>T10=10.38t

T, = Tyq — q * x = kesme kuvvetinin sifir oldugu yerde maksimum moment olusur T,, = 0

Tor  9.62
g 2.5

X = = 3.85m

1
Minay =59.62 +3.85 = 8 = 10.51 tm
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Kesme Kuvveti Diyagrami

—9['}23 3\

Moment Diyagrami

_ ? AN

1A, 49

Bé

MaxM=10.51
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2. (1-2) acikhiginda maksimum moment Max. M

|\/|t Tesir cizgisi

0 1 2
1) 1 1 NI
1+1.5=2.5t/m  o°
3+2=5t fF171° 1t/m |
| [ [ : '
- . {
| o
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Elverigsiz yukleme 2

1 1 1 1
Pasynd o 1 152525t/m .
3+42=5t{ llt/m
[ l
1 4 ] L I |
. 2m " 8 m 1 6m Z
[~ - g g
XO X1 XZ
8 6
I I
qL2—1*82—16 16 qL2_225 22.5
4 4 4 " '
16 = 128 128 622 c 135 135
T o177 I
Konsol momenti Xo = —5%2—25%2 % 2 % 5= —15tm Kenar mesnet momenti X, = 0

34/48



8 6
I I
qu—1*82—16 16 qL2_225 22.5
4 4 4 "
16 = 128 128 29c 135 135
o I R I
Konsol momenti Xo = —5%2—25%2 %2 5= —15tm Kenar mesnet momenti X, = 0

8X + 2 8+6 X+6X +128+135—0
170 1)t I
—15%8+28X, +6+x0+263=0
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Tio g=1+1.5=2.5t/m

Xg =—5.11tm C‘HHH, : \) Xc =0 tm

T21 = _665

. 6m

N
g

y

8.35¢t

6.65t

6
ZM1=O 5Ty = —25 65 +511 = —6.65 tZy=O—>—(—6.65)—2.5*6+T12=O—>T12=8.35t

T, =Ty, — q * x > kesme kuvvetinin sifir oldugu yerde maksimum moment olusur T,, = 0

_Te_835__
X—q—2.5— . e m

1 1
Moy = 58.35 *3.34 —5.11 =883 tmveya M, = 56.65 x2.66 + 0 = 8.84 tmV
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Kesme Kuvveti Diyagrami

7 N e ey D

Moment Diyagrami

MinM=-15.0
MaxM=8.84
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3. 1 mesnedindeki minimum moment Min. M

X

0 1 2
1+1.5=2.5t/m c) 1+15=25t/m (p)
- |
I ‘o ! 1 2
l: 2m > 8 m >!< 6m =||

Tesir cizgisi
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Elverigsiz yukleme 3

S 1 1
A _"B_ 1+1.5=2.5t/m 6  1+15=25t/m p
3t‘|: 1t/m T . | .. |
I o 1 2
| 2m . 8m | 6m R
[~ T b g
XO Xl X2
8 6
I I
qL> 2.5x8% qL*
e 40 - 22.5 22.5
40 = 320 320 295 = 135 135
I I N
. 1 .
Konsol momenti Xo = —3 %2 —1%2 %2 x 5= —8 tm Kenar mesnet momenti X, =0
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8 6
I I
al’ _25+8 40 40 al’ _ 22.5 22.5
4 4 4 77
40 = 320 320 295 = 135 135
o I R I
Konsol momenti Xo = —3%2—1%2%2x 5= —8 tm Kenar mesnet momenti X, =0

8
— X+ 2
ot [ 1 i I i

<8 6) 6 320 135
I

—8*x8+28X; +6*x0+455=0

28X, = —455 4+ 64 = —391 > X, = —13.96 tm
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Kesme Kuvveti Diyagrami

Moment Diyagrami

MinM=-13.96

e

=T ] T | =T 17 [ —7¢(
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Maksimum Moment Diyagramlari (tm)

15,00
13,96

Yiikleme No 2 Yiikleme No 3

Yikleme No1l MaxM=10.51 8.84
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SAP2000 COZUMLERI

Ornek 3 (Elverissiz yukleme 1) Sap2000 C6zum

Mesnet Reaksiyonlari
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SAP2000 COZUMLERI

Kesme Kuvveti Diyagrami

A ,frfr”r’F7fwf1?§ -

AT D G

Moment Diyagrami

N A,

1A, 49
(%)

MaxM=10.49
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SAP2000 COZUMLERI

(Elverigsiz yukleme 2) Sap2000 C6zUmi

1 1 1
A B C D

g

Mesnet Reaksiyonlari

15T24 ITZ ETS
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SAP2000 COZUMLERI

Kesme Kuvveti Diyagrami

;L_l N I i[l~l'

Moment Diyagrami

MinM=-15.0

P { I ][' I e R f R

MaxM=8.81

46/48



SAP2000 COZUMLERI

(Elverigsiz yukleme 3) Sap2000 C6zimi

1 1 1
A B C D

3tl ,
AN

Mesnet Reaksiyonlari
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SAP2000 COZUMLERI

Kesme Kuvveti Diyagrami

Moment Diyagrami

MinM=-13.91

e T 4
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